In this paper, the BRST symmetry transformation is presented for the noncommutative U(N) gauge theory. The nilpotency of the charge associated to this symmetry is then proved. As a consequence for the space-like non-commutativity parameter, the Hilbert space of physical states is determined by the cohomology space of the BRST operator as in the commutative case. Further, the unitarity of the S-matrix elements projected onto the subspace of physical states is deduced.
In the past few years, a lot of work has been devoted to study of noncommutative gauge theories. The main motivation for these studies is related to the realization of such theories in the framework of string theory. It turns out that noncommutative supersymmetric gauge theories appear as the low energy effective theory on a D-brane in the presence of a nonzero NS-NS two form background field [1, 2, 3] . Apart from the string theory realization, the analysis of quantum mechanical features of noncommutative gauge theories is important from field theoretical point of view.
As it is clear, the BRST symmetry which makes explicit the fact that the quantization is independent of a choice of a particular gauge is a method to quantization of gauge theories. This procedure includes two stages. The first stage is the introduction of ghosts, as in the standard Faddeev-Popov method. The theory included ghosts is then quantized in the usual way by ignoring the gauge symmetry. Since ghosts violate spin-statistics, the space of physical states of the quantum theory has pseudo-Hermitian rather than Hermitian inner product. The second stage, however, restores positivity of the inner product defined in the space of states and also brings back the gauge symmetry. In this process, a continuous global symmetry transformation (the BRST transformation) is defined on the algebra of local operators. The nilpotency of the charge associated to this global symmetry is then proved. Ultimately, the Hilbert space structure on the quantum states is determined by the cohomology space of the BRST operator (the charge associated to the BRST symmetry). Consequently, the induced inner product on the cohomology space will be positive.
In this paper, the BRST quantization procedure is followed for the noncommutative U(N) gauge theory. In Sect. 2, after gauge fixing and introducing ghost fields, the full action of the theory is considered. The BRST symmetry transformation is then found in Sect. 3 in a way that the full action of the theory remains invariant under it. In Sect. 4, however, it is shown that the charge associated to the BRST symmetry is nilpotent.
Sect. 5 includes several parts. First in Sect. 5.1, we discuss the BRST symmetry leads to a conserved charge which commutes with the Hamiltonian of the theory only for the space-like non-commutativity although it is found for a general non-commutativity parameter. In the next part, Sect. 5.2, we prove that the BRST symmetry is preserved at quantum level. More precisely, we have to show that the path integral measure of the partition function of the theory remains invariant under the BRST transformation. Arguments presented in the last part of this section, Sect. 5.3, are restricted to the case of the space-like non-commutativity. We will show the space of physical states is determined by the cohomology space of the BRST operator just as the commutative case. Finally, the unitarity of the S-matrix elements projected onto the subspace of physical states is proved. Sect. 6 is devoted to a brief discussion.
Full Action of the Noncommutative Gauge Theory
In this section, we fix our notation. Meanwhile, we introduce the action of the noncommutative U(N) gauge theory b . The classical action of the noncommutative pure Yang-Mills theory is
given by:
where denotes the Moyal star product and curvature F a µν is defined as follows:
In order to separate the effect of non-commutativity, we introduce some notations. Defining 
The structure constants f abc and totally symmetric d abc factors of U(N) are introduced by:
Expressing h abc with respect to f abc and d abc factors c :
we immediately conclude: Moyal bracket [4, 5] . c We suppose that the Killing form has been defined, whether the indices are up or down is irrelevant in the orthonormal basis.
Now it is clear if we put θ = 0, the last term will vanish and the commutative expression will be obtained for F a µν . The matter field part includes the connection, defined by:
where we considered the fundamental representation of the matter field with respect to the star product. The matter part of the action is then given by:
The two parts S g and S mat of the action are separately invariant under the following gauge transformations of matter and gauge fields:
where U ∈ U (N). However, the infinitesimal gauge transformations of the matter and gauge fields take the forms:
where ω a 's are infinitesimal local parameters of the gauge transformation and D adj is the connection associated to the commutative U(N) gauge group in the adjoint representation and is introduced by:
Obviously for the case θ = 0, the second term in the r.h.s. of Eq. (2.12) vanishes and δA a becomes the expression of the commutative case.
In order to quantize the theory with the gauge symmetry, we have to follow the standard Faddeev-Popov procedure. More precisely, to compute the partition function of the theory, we should integrate over the quotient space F /G, where F and G are the space of field configurations and the group associated to the gauge symmetry respectively. Imposing the covariant gauge condition on the decomposition of unity, we find the gauge fixing and ghost parts of the action as:
where c andc denote the ghost and the antighost fields. Ultimately, the full action of the noncommutative gauge theory is found as follows:
(2.16)
BRST Symmetry
As in the commutative case, any gauge fixing procedure destroys gauge invariance of the noncommutative gauge theory. Therefore, in order to obtain a sensible quantization, we must make sure that in the final result the gauge symmetry is restored. The BRST quantization method provides a powerful tool to achieve this aim. The essential element for applying this method is first introducing a global symmetry transformation whose associated charge is nilpotent. In this section, we present the BRST symmetry transformation for the noncommutative U(N) gauge theory.
The BRST symmetry is a global transformation (the parameter of the transformation is global.) which leaves the full action of the theory invariant. Since the pure gauge and matter parts of the action are invariant under gauge transformations Eq. (2.11) and Eq. (2.12), the most natural BRST transformations which can be considered for the gauge and matter fields are the ordinary gauge transformations. Therefore, we introduce the BRST transformations for the gauge field A a and the matter field ψ as:
where δλ (the parameter of the transformation) is a global Grassmann variable. It should be noticed that δλ is not necessarily infinitesimal. But since (δλ) 2 = 0, Eq. (3.1) and Eq. (3.2)
introduce infinitesimal gauge transformations. Hence, we have:
Now we are going to find the transformations of the ghost and antighost fields in a way that the action is invariant under this transformation. Therefore, we conclude:
Using Eq. (3.1), the variation of the action is then given by:
which will vanish, if we require that:
The first one introduces the BRST transformation of the antighost field and the other one will then introduce the BRST transformation of the ghost field. Considering the first term of Eq.
(3.7), we obtain: 8) where in the last line, we used Eq. (3.1). For the second term of Eq. (3.7), however, we have:
again using Eq. (3.1), the first term in the r.h.s. of the above equality itself reads:
Now substitute Eq. (3.8), Eq. (3.9), and Eq. (3.10) for Eq. (3.7). Then as the first step in Eq.
(3.7), considering all terms including space-time derivatives, we find:
To obtain the last expression, we used Eq. (2.5). Notice that to derive the above expression, there is no necessity to exchange the position of fields. We only have exchanged the position of the gauge group indices of fields. The remained terms not including space-time derivatives of Eq. (3.7) are:
Now the claim is that Eq. (3.7) can ultimately be rewritten in the form of Eq. (3.15). To arrive to this equation, we present the way that leads only to one of its term. One can find more details in appendix A. For instance, consider the second term of the first line of the above expression. Using Eq. (2.5), we can write it as follows:
Adding the first term of the r.h.s. of the above equality to the first term of Eq. (3.12), it immediately results:
where we used the Jacobi identity in the r.h.s. of the above expression. The first term in the r.h.s. of the above equality is exactly the second term appeared in the second line of Eq. (3.15).
Therefore, Eq. (3.7) yields:
In order to obtain vanishing result for the l.h.s. of the above equality, it is sufficient to require that: 16) which introduces the BRST transformation of the ghost field. Therefore, we have proved that the full action of the noncommutative U(N) gauge theory remains invariant under the following transformation:
To compare the above result with the commutative case, the above symmetry transformation takes its commutative form if we put θ = 0. Further considering the U(1) gauge group, we can study the situation of the noncommutative QED. It is easy to see that the above transformation leads to the BRST transformation which was first found in [6] .
Nilpotent Charge of the BRST Symmetry
In this section, we will show that the charge of the BRST symmetry is nilpotent. The charge Q associated to the BRST symmetry satisfies the following relation: we find the action of charge Q on each field of the theory as follows:
3)
4)
Now we want to find the action of Q 2 on each field of the theory. The reason is that one can easily show:
which indicates the relation between Q 2 and Q 2 . First, consider the antighost field:
Using the equation of motion governed on the antighost field for the above expression, we immediately conclude:
Considering Eq. (4.4) and Eq. (4.6), the action of Q 2 on the matter field yields:
where c a c b (t a t b ) can be written in the form:
which leads to the vanishing result for Q 2 ψ = 0. For the gauge field, however; we have:
substituting the following equation:
for Eq. (4.12), we arrive at:
Applying Eq. (4.3) and Eq. (4.6) for the above relation, we have:
Now consider the terms include space-time derivative:
For the rest terms, use the following identity: 17) we will obtain:
Using the following Jacobi identity (see appendix B.) between h abc 's constants:
we easily find Q 2 A a = 0. As the last step, consider the action of Q 2 on the ghost field. To accomplish calculations in an easier way, notice that we can rewrite Eq. (4.6) as follows:
Now using Eq. (4.6), we gain the action of Q 2 on the ghost field as:
which will vanish if we use the Jacobi identity Eq. (4.19) . In this manner, we found that:
Remembering Eq. (4.7), the above result implies that:
For this to be satisfied for all operators φ, it is necessary for Q 2 either to vanish or be proportional to the unit operator. But Q 2 cannot be proportional to the unit operator because it has a non-vanishing ghost quantum number, so it must vanish:
The Space of Physical States and Unitarity
In keeping with the BRST quantization method, we found a global symmetry transformation (the BRST transformation) for noncommutative gauge theory such that its associated charge is nilpotent. In this section, however, we will establish the Hilbert space of physical states, following the rest of our discussion in the Hamiltonian formalism. First, in Sect. 5.1, we discuss that the BRST symmetry leads to a conserved charge only for the space-like noncommutativity parameter. In the next part, Sect. 5.2, we make sure that the BRST symmetry preserves at quantum level. Finally in Sect. 5.3, it turns out the subspace of physical states is the cohomology space of the BRST operator.
Conserved Charge and Space-like Non-commutativity
Although the BRST symmetry was proved for a general non-commutativity parameter, we discuss this symmetry leads to a conserved charge only for the space-like non-commutativity parameter (θ 0i = 0). The rest of our arguments is therefore restricted to this case.
The common way to obtain the charge of a continuous global symmetry of the theory is replacing the local function for the global parameter of the symmetry transformation. In this manner, there is no necessity for the new transformation to be the symmetry of the theory, too. In fact, the variation of the action, under this new transformation, introduces the current associated to the global symmetry of the theory. Although this variation vanishes for all local parameters of transformation, we cannot conclude that the divergence of the current has to vanish, in contrast to the commutative case. Since the Moyal star product can be removed in any quadratic term of the action, the most general result which can be deduced is that the divergence of the current is equal to the Moyal bracket of some functions [8] . The mentioned Moyal bracket disappears only for the space-like non-commutativity when we integrate on the continuity equation over all spatial coordinates in order to obtain the time variation of the charge. Consequently, the charge associated to a symmetry transformation commutes with the Hamiltonian of the theory in this case. Hence, the rest of our arguments are restricted to the space-like non-commutativity.
BRST Symmetry at Quantum Level
So far, we have shown that the full action of the noncommutative gauge theory, Eq. One can immediately convince himself that the above path integral measure is invariant under the BRST transformation. For instance, the Jacobian describes the change in Dc is the determinant of:
where we defined δ y (x) ≡ δ(x − y). Obviously, this determinant is equal to one since (δλ) 2 = 0.
Therefore, the partition function of the noncommutative gauge theory is invariant under the BRST transformation.
Hilbert Space of Physical States
We are already able to establish the subspace of physical states. Since ghosts violate spinstatistics (being scalar fermions), the space of states of the theory included ghosts cannot be an actual space. Further, the state space has a pseudo-Hermitian rather Hermitian inner product.
But it is possible to construct a certain subspace H which does not include ghosts and has a Hermitian norm, analogous to the Hilbert space in actual physical theories.
In order to obtain BRST invariant S-matrix elements, it is necessary for physical states to belong in the kernel of Q (i.e. Q−closed): 
The set of equivalent classes is nothing but the cohomology of Q. Thus, the space of physical states is isomorphic to the quotient space:
As the final discussion, we will prove the unitarity of the S-matrix elements in the subspace of physical states. Consider a typical S-matrix element: 6) where out α| and |β in are asymptotic states, whereas |α , |β are two physical states of the theory. Since Q commutes with the Hamiltonian of the theory, the time evolution of any such states must also be annihilated by Q:
The above expression states that S|β is a linear combination of states in KerQ. On other words, we have:
where P 1 is a basis for subspace KerQ. Again for the states, in the kernel of Q, can be written in the form |γ + Q|χ , we find: 
where P 2 is a basis for the Hilbert space of physical states. This relation guarantees the unitarity of S-matrix elements for the subspace of physical states.
Conclusion
In this paper, the BRST quantization method is followed for noncommutative gauge theories.
Of course, our discussions are presented in the framework of the Moyal noncommutative gauge theory. Nevertheless, all obtained results are valid for any noncommutative gauge theory whose C * algebra of functions on R d is associative with respect to its star product and also the trace defined on this algebra satisfies the cyclicity property.
After introducing the full action of the Moyal noncommutative U(N) gauge theory in Sect. 2, however, the BRST symmetry transformation is presented for this theory in Sect. 3. In analogy to the commutative case, the BRST transformations for the gauge and matter fields are nothing but infinitesimal gauge transformations. Moreover, as expected, this transformation will take its commutative form if we put θ = 0.
In Sect. 4, the nilpotency of the charge associated to the BRST symmetry is then proved.
Each nilpotent operator which commutes with the Hamiltonian of the theory has many useful advantages. But in the first part of Sect. 5, it is proved the charge associated to a continuous global symmetry of the theory is not conserved in general, in contrast to the commutative case.
Due to the cyclicity property of the trace with respect to the star product, the associated charge is conserved only for the space-like non-commutativity parameter. In this case, the expected commutation relation between the charge and the Hamiltonian of the theory is restored.
In the next part of this section, Sect. 5.2, the BRST symmetry transformation is considered at quantum level. To preserve this transformation as a symmetry at quantum level, it under the BRST transformation. This is easily shown since the global parameter of the BRST transformation is a Grassmann variable.
Since the ghost and antighost fields violate the spin-statistics theorem, the space of states included ghosts is not a Hilbert space. Hence, in the last part of Sect. 5, the BRST cohomology is taken to produce the physical Hilbert space just as the commutative case. Ultimately, it is proved that the S-matrix elements projected onto the physical space of states are unitary.
Since the BRST symmetry is a continuous transformation, it generates a set of Ward identities for noncommutative non-Abelian gauge theories. Therefore, the BRST symmetry will provide a powerful tool to study the renormalization properties of noncommutative gauge theories in all orders of the perturbative expansion.
